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THE PHYSICAL MIRROR EQUIVALENCE FOR THE LOCAL P2
SERGIO LUIGI CACCIATORI, MARCO COMPAGNONI, AND STEFANO GUERRA
Abstract. In this paper we consider the total space of the canonical bundle of P2 and we use a
proposal by Hosono, together with results of Seidel and Auroux-Katzarkov-Orlov, to deduce the physical
mirror equivalence between DbP2(KP2) and the derived Fukaya category of its mirror which assigns the
expected central charge to BPS states. By construction, our equivalence is compatible with the mirror
map relating the complex and the Ka¨hler moduli spaces and with the computation of Gromov–Witten
invariants.
1. Introduction
In [15] Hosono describes a way to define the mirror map at the level of K-theory/homology based on
homological mirror symmetry. In this paper we analyze Hosono’s mirror symmetry prescription for
the total space of the canonical bundle of the projective plane.
Let Xt be a Calabi–Yau manifold (where t denotes the complexified Ka¨hler moduli), Yx its mirror
family (where x denotes local coordinates for the complex moduli space) and Ω(Yx) the corresponding
holomorphic 3-form. Mirror symmetry identifies the Ka¨hler moduli of Xt with the periods of Ω(Yx)
over some 3–cycles of Yx. These, as functions of the complex structure moduli, must satisfy a system
of Picard–Fuchs equations. For toric Calabi-Yau manifolds these are the GKZ equations [13]. From
this follows that a particular cohomology valued hypergeometric series w(x) arises naturally providing
a basis of solutions for the GKZ system [16, 17, 18, 19]. Hosono was able to recognize such series as a
formula identifying the BPS states of the associated physical theory. Let E1, . . . , Er a basis of K(Xt)
and denote by χij =
(
χ(Ei, Ej)
)−1
the inverse of the Euler characteristic. In [15] Hosono proposed
that
w(x) =
∑
ij
(∫
Si
Ω(Yx)
)
χij ch(E∨j ), (1.1)
where Si in H3(Yx,Q) is the homological mirror cycle of the class χijEj in K(Xt). In order to
clarify the physical meaning of the Hosono’s conjecture, let B1, . . . , Br be a basis of the compactly
supported K-theoryKc(Xt) corresponding to a basis of admissible brane configurations, and E1, . . . , Er
its dual basis in K(Xt) w.r.t. the natural pairing between K(Xt) and K
c(Xt). Taking the basis
Qi := ch(Ei), i = 1, . . . , r of H
∗(Xt,Q) and expanding w (x) =
∑r
i=1wi(x)Qi, the conjecture can be
stated as follows:
(1) the coefficients wi(x) of the hypergeometric series may be identified with the period integrals
over the mirror cycles mir(Bi)
wi(x) =
∫
mir(Bi)
Ω(Yx) ;
(2) the monodromy of the hypergeometric series is integral and symplectic with respect to the
symplectic form defined in Kc(Xt)
χ(Bi, Bj) =
∫
Xt
ch(B∨i )ch(Bj)td(Xt) ;
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(3) the central charge of an element F ∈ Kc(Xt) is expressed in terms of the cohomology valued
hypergeometric w(x) as
Z(F ) =
∫
X
ch(F )w (x) td(Xt) .
Therefore, through Hosono’s proposal one has a linear map 1
mir : Kc(Xt)−→H3(Yx,Q), (1.2)
that Hosono conjectured should induce an equivalence
Mir : Db
(
Coh(Xt)
) −→ DFuko(Yx, ω). (1.3)
We will refer to this equivalence as the physical mirror map. By construction, both mir and Mir
are compatible with the mirror map between Ka¨hler and complex moduli spaces, in particular mir
provides a direct link between the periods of the dual cycles and the Gromow-Witten invariants in
the Gopakumar-Vafa interpretation. In this respect, the physical mirror map, among all the other
autoequivalences, seems to have a privileged position also from the mathematical point of view. The
Hosono’s proposal has been verified in several examples in relation to the computation of the Gromov–
Witten invariants (see [15] and [6] for the multiple resolution case), but until now there was no a direct
check at the homological level.
Homological mirror symmetry for a del Pezzo surface, S, was considered in [1]. The authors found an
equivalence between the derived category of coherent sheaves of a del Pezzo surface and the derived
Fukaya category of its mirror. This is achieved by matching the objects of an exceptional sequence
of sheaves in Db(Coh(S)) with an exceptional sequence of Lagrangian cycles in the derived Fukaya
category of the mirror, and checking that the corresponding morphisms match as well. In [26] Seidel
considers homological mirror symmetry for the total space of the canonical bundle of a toric del Pezzo
surface S. If we denote by M the mirror of S, and by Y the mirror of KS , Seidel shows how to lift
the equivalence Db(Coh(S)) → DFuko(M) to a full embedding DbS(Coh(KS)) ↪→ DFuko(Y ) 2. The
main tool introduced in [26] is the suspension of A∞-algebras.
In this manuscript, we introduce a new construction for lifting the Lagrangian cycles from the mirror
of P2 to the mirror of the total space of its canonical bundle which is equivalent to Seidel’s suspension.
Using these cycles we are able to compute the periods of the holomorphic 3-form Ω(Yx) and using
Hosono’s observation (1.1) and Seidel’s theorem [26] we provide a full embedding of the derived
category of coherent sheaves of KP2 (with cohomology supported on the zero section) in the derived
Fukaya category of its mirror. This full embedding is conjecturally an equivalence [26]. As mentioned
earlier, by construction, our correspondence induces the correct (physical) isomorphism at the level of
K-theory/homology which computes the expected brane charges and it is compatible with the mirror
map at the level of moduli spaces which is used in the computation of GW invariants. In this respect,
we observe that it is necessary to twist by O(−2) the equivalence found in [1] in order to induce the
correct map at the level of K-theory/homology.
The paper is organized as follows: in section 2 we recall few facts we need about the total space of
the canonical bundle of P2 and its mirror. We introduce Hosono’s construction [15] and summarize
the results from [1] and [26] which we will use later in the paper. In section 3 we consider the mirror
family Yx of KP2 . We introduce a construction to lift the Lagrangian cycles from the mirror of P2
to Yx which is equivalent to Seidel’s suspension. Next we compute the periods and use the result to
derive the embedding DbP2(CohKP2) ↪→ DFuko(Y ). In the last section we discuss our results. We
1This should actually be a symplectomorphism if we take as symplectic form in H3(Yx,Q) the intersection form and
in Kc(Xt) the Euler characteristic.
2Here DbS(Coh(KS)) denotes the category of complexes of coherent sheaves on KS with cohomology supported on
the zero section.
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collect in an appendix some of the facts and computations about hypergeometric functions that we
use in order to compute the periods in section 3.
2. Homological Mirror Symmetry for KP2
In this section we summarize what we need about local homological mirror symmetry for KP2 , which
is the unique crepant resolution of the toric orbifold C3/Z3. In [15] Hosono proposed a method to
define explicitly the (physical) homological mirror map in the case of a non compact toric Calabi–Yau
threefolds. In [26] Seidel gives a partial proof for the homological mirror symmetry conjecture in the
case of the total space of the canonical bundle KS of a toric del Pezzo surface S, extending the results
of [1] for del Pezzo surfaces. In section 3 we will combine these results finding the explicit homological
mirror map for (the resolution of) C3/Z3 using Hosono’s construction.
2.1. The Toric Orbifold C3/Z3, the Crepant Resolution and its Mirror Family. Let us
consider the three dimensional complex orbifold
C3/Z3 =
{
(x, y, z) ∈ C3|(x, y, z) ∼ (ωx, ωy, ωz), ω3 = 1} . (2.1)
It is a non compact toric variety3 with fan ∆ generated by the three vectors
v1 =
01
1
 , v2 =
10
1
 , v3 =
−1−1
1
 . (2.2)
All relevant toric data are encoded in the 2-dimensional intersection of ∆ with the plane z = 1 (Figure
1 left).
Figure 1. Fan for C3/Z3 (on the left) and its crepant resolution X := KP2 (on the right).
s
c s
s













@
@
@
@
@
@
x
y
v1
v2
v3
s
s s
s
 
 
 
 
 
 















@
@
@
@
@
@
x
y
v1
v2
v3
v0
The space C3/Z3 is a singular Calabi–Yau threefold and it is one of the most intensively studied
examples in the context of local mirror symmetry (see for example [9, 11, 21, 5]). It has an isolated
3We refer to [12] for the details on toric geometry.
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singularity at the origin and it admits unique crepant resolution. The fan of this resolution is obtained
from the one of C3/Z3 by adding the vector
v0 =
00
1
 (2.3)
and the related faces (Figure 1 right). The resolved toric variety X is the total space KP2 of the
canonical bundle OP2(−3) of the projective plane.
We define the mirror of X using the local generalization of the Batyrev construction for noncompact
toric varieties [9]. From the toric data of X we define the superpotential:
W (x1, x2;U, V ;~a) = UV + a0 + a1x1 + a2x2 + a3x
−1
1 x
−1
2 , (2.4)
with variables (x1, x2;U, V ) ∈ (C∗)2 × C2 and parameters (a0, . . . , a3) ∈ (C∗)4. Rescaling the coordi-
nates, the parameters can be expressed in terms of the invariant combination y = a1a2a3/a
3
0. Consider
the family of hypersurfaces Yy in (C∗)2 × C2, parameterized by y ∈ C, defined by the equation:
W (x1, x2;U, V ; y) = UV + 1 + x1 + x2 + yx
−1
1 x
−1
2 = 0. (2.5)
In [9] it is claimed that Yy is the mirror family of X, where the complex parameter y is mirror dual
to the complexified Ka¨hler parameter of X.
2.2. Hosono’s Construction. Let Xt be a Calabi–Yau variety, with Ka¨hler moduli t, and Yy its
mirror family, with complex moduli y. According to Kontsevich’s homological mirror conjecture [22]
there is an equivalence of triangulated categories:
Mir : Db
(
Coh(Xt)
) −→ DFuko(Yy, ω). (2.6)
The bounded derived category of coherent sheaves Db
(
Coh(Xt)
)
depends on the choice of a complex
structure on X, mirror to a (complexified) symplectic structure ω on Y used to define the derived
Fukaya category DFuko(Yy, ω). The functor Mir induces a linear transformation
mir : Kc(Xt)−→H3(Yy,Q), (2.7)
which is symplectic with respect to the symplectic form on Kc(Xt) given by the Euler characteristic
χ and the one on H3(Yy,Q) given by the intersection form.
For noncompact Calabi–Yau manifolds, Hosono’s conjecture completely characterizes the linear map
mir. Later we will refer to the mirror map constructed following Hosono’s prescription as the “phys-
ical” mirror map. When X := KP2 the conjecture can be stated as follows. Consider an integral
4
(brane) basis of Kc(X):
ω = {B0,B1,B2} =
{
[Op], [OH(−1)], [OP2(−2)]
}
(2.8)
where the square brackets are used to denote the class in K-theory of a sheaf. Using the perfect pairing
χ : Kc(X)×K(X)→ Z (2.9)
and the Chern character isomorphism
ch : K(X)→ H∗(X,Q), (2.10)
one defines a (group) isomorphism
φ : Kc(X)→ H∗(X,Q). (2.11)
4This is an integral basis of Kc(X) since it is related to the dual integral basis of K(X) given by the tautological
sheaves on X [20, 10] via an integral change of basis.
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The rational cohomology ring of X is
H∗(X,Q) = Q[J ]/J3, (2.12)
where J is the Poincare´ dual of the class of a line H in the base P2 and it is the generator of the
Ka¨hler cone of X. The (brane charges) basis ω˜ = φ(ω) of H∗(X,Q) is:
ω˜ = {Q0, Q1, Q2} =
{
ch(OX), ch
(OX(J)−OX), ch(OX(2J)− 2OX(J) +OX)}. (2.13)
Then, using the toric data of X, we define the cohomological valued hypergeometric function (CHF)
w(y; J) :=
∞∑
n=0
yn+ρ
Γ(1 + n+ ρ)3Γ(1− 3(n+ ρ))
∣∣∣∣∣
ρ= J
2pii
(2.14)
and we expand it in terms of the brane charges:
w(y; J) = w0(y)Q0 + w1(y)Q1 + w2(y)Q2, (2.15)
w0(y) = 1, (2.16)
w1(y) =
1
2pii
ln(y) +
3
2pii
∞∑
m=1
(3m− 1)!
(m!)3
(−y)m, (2.17)
w2(y) = − 1
8pi2
(ln(−y))2 + 1
8
− 3
4pi2
ln(−y)
∞∑
m=1
(3m− 1)!
(m!)3
(−y)m
− 9
4pi2
∞∑
n=1
(3n− 1)!
(n!)3
[ψ(3n)− ψ(n+ 1)](−y)n, (2.18)
where the wi’s are solutions of the Picard-Fuchs equation. Hosono conjectured that the components
wi(y) are exactly the periods of the holomorphic 3-form Ω(Yy) over the three cycles in Yy, mirror to
Bi :
w0(y) =
∫
mir(Op)
Ω(Yy), w1(y) =
∫
mir(OH)
Ω(Yy), w2(y) =
∫
mir(OP2 )
Ω(Yy). (2.19)
In section 3 we will use Hosono’s construction to define the mirror functor Mir. We will find that
this functor will recover the lift of the equivalence found in [1] after applying an autoequivalence of
the derived category DbP2(Coh(KP2)) (see section 3.4 for details).
2.3. The Mirror of P2. In this section we recall few facts about mirror symmetry for P2 following
[1]. The mirror of P2 is the Landau-Ginzburg (LG) model given by the superpotential W : C∗2 → C:
W (x1, x2) = x1 + x2 +
y
x1x2
. (2.20)
If we denote by M the partial compactification of C∗2 along the fibers of W , we get an elliptic fibration
over C, M → C. Introducing the coordinate z on the base of this fibration, the mirror becomes the
surface Z defined by the equation W (x1, x2) = z:
x1x
2
2 + x
2
1x2 + y + zx1x2 = 0 (2.21)
There are 3 nodal singular fibers over the points:
zi = 3ω
iy
1
3 , i = 0, 1, 2, ω = e
pii
3 . (2.22)
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Using Seidel’s construction of the Fukaya category (see [27]), one can prove that there is an equivalence
between Db
(
Coh(P2)
)
and D Fuko(Z, ω). The category Db
(
Coh(P2)
)
is generated by the exceptional
collection
τ ≡ {E0, E1, E2} :=
{O, T (−1),Λ2T (−2) ' O(1)} . (2.23)
Using Picard-Lefschetz theory, one can argue that the derived Fukaya category DFuko(Z, ω) of the
mirror fibration is also generated by an exceptional collection of Lagrangian thimbles. The mirror LG
model is endowed with a symplectic form ω, which defines a horizontal distribution on the elliptic
fibration W : M → C. Given a reference point z∗ on the base C of the fibration, z∗ 6= zi for i = 1, 2, 3,
let Σ∗ be the (smooth) fiber at z∗. Then we consider three paths γi from z∗ to zi, intersecting only
at z∗. For each path γi we consider a vanishing cycle Li in Σ∗ which collapses at zi. The parallel
transport of Li along γi defines the thimble Di, having boundary ∂Di = Li. These are the Lagrangian
thimbles, whose intersection form can be expressed in terms of the relative cohomology w.r.t. Σ∗
and it is equivalent to the one associated to H1(Σ∗,Z). The derived Fukaya category DFuko(Z, ω)
is equivalent to the category of vanishing cycles Db(Lagvc(W{γi})) generated by the exceptional
collection
τ ′ ≡ {L0, L1, L2} (2.24)
(or more precisely by Hamiltonian isotopy classes of the thimbles Di). The morphisms are defined in
terms of the Floer cohomology:
Hom(Li, Lj) =
 FC
∗(Li, Lj ;C) = C|Li∩Lj | = C3 if i < j
C if i = j
0 if i > j
. (2.25)
with composition:
mk : Hom(Li0 , Li1)⊗ . . .⊗Hom(Lik−1 , Lik)→ Hom(Li0 , Lik)[2− k] (2.26)
which is trivial unless i0 < i1 < . . . < ik.
In [1] the authors consider the case of a del Pezzo surface and prove that the objects, the morphisms
and the composition law of the exceptional collections (2.23) and (2.24) are match. This is sufficient
to prove (half of) the homological mirror conjecture, and it suggests that an equivalence of categories
could be given by:
(OP2 , TP2(−1),OP2(1)) 7→ ([L0], [L1], [L2]) . (2.27)
2.4. The Mirror of KP2 as a Double Suspended Lefschetz Fibration. Let us consider a del
Pezzo surface S with mirror LG–model defined by a superpotential W (x1, x2). The mirror of the total
space of the canonical bundle of S, KS , can be defined as the hypersurface [14]:
Y =
{
(x1, x2; y1, y2) ∈ C∗2 × C2|W (x1, x2)− y21 − y22 = 0
}
. (2.28)
which agrees with 2.5 when S is the projective plane. The local homological mirror symmetry for
KS has been recently investigated. The relation between the category D
b(Coh(S)) and the category
DbS(Coh(KS)), whose objects are complexes of sheaves on KS with cohomology supported on S, was
studied in [3] and [23]. In [26] Seidel extended the results of [1] to toric del Pezzo surfaces, proving
the existence of a full embedding of DbS(Coh(KS)) into the derived Fukaya category of Lagrangian
3-cycles in Y :
DbS(Coh(KS)) ↪→ Lagvc(Y ). (2.29)
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The image of DbS(Coh(KS)) is defined through a double suspension of the Fukaya category of the
mirror of S. Let us consider the suspension W 7→W σ of the superpotential:
W σ(x1, x2; y1) := W (x1, x2)− y21. (2.30)
Then W (x1, x2)−y21 = 0 defines a double cover of M branched over W (x1, x2) = 0, which is a smooth
fiber of the elliptic fibration M → C. Since the singular fibers of M → C are not over z = 0, to their
singular point correspond two distinct inverse images in W (x1, x2)− y21 = 0. Therefore to the thimble
Di of M corresponds a thimble, in W (x1, x2)− y21 = 0, having boundary the 2-sphere Si obtained by
gluing two copies of the thimble Di (more precisely the inverse image of Di under the double cover)
along their common boundary Li. The Si’s are the vanishing cycle of W
σ lifting the Li’s. In the same
way we can suspend W σ w.r.t. a second variable y2, obtaining the superpotential
W σσ(x1, x2; y1, y2) = W (x1, x2)− y21 − y22 (2.31)
and the double suspension of Li is a 3-dimensional sphere in Y . The double suspensions of the cycles
Li define a set of generators of a full subcategory of Lagvc(Y ), and conjecturally of Lagvc(Y ). In this
way Seidel extended the mirror map (2.27) in the KS case, for S toric.
In the next section we will show how our construction is related to the Seidel’s double suspension and
we will check the compatibility of Hosono’s conjecture with the construction in [1] .
3. Explicit Construction of the Mirror Functor.
Following Hosono’s construction in [15], one can define a functor DbP2
(
Coh(X)
) → Lagvc(Y ) by
sending a set of generators of DbP2
(
Coh(X)
)
to a set of generators of the category Lagvc(Y ). Our
strategy for determining this functor is the following. We will construct a set of Lagrangian 3-cycles
generating (a full subcategory of) Lagvc(Y ) and will compute the corresponding integrals of the
holomorphic 3-form Ωy. These will be well-defined functions Fi(y) of the complex modulus y. Under
the mirror map, these functions must coincide with the coefficients of the cohomological hypergeometric
function expanded in the basis of sheaves mirror to the Lagrangian cycles. In (2.15) we computed the
functions corresponding to a selected basis of D-branes in X. The mirror basis is obtained from this
one by a linear transformation which will be determined by comparing the coefficients.
3.1. The Double Fibration. The mirror (2.28) of X = KP2 is defined by the equations:
x1x
2
2 + x
2
1x2 + y + zx1x2 = 0 UV + z = 0.
The first equation can be thought as an elliptic fibration over C (parametrized by z), and the second
equation as a conic fibration over the same base. The mirror of X is then the fiber product of these
two fibrations. We will refer to this structure as “double fibration” and to the fibration associated to
UV = −z as “C∗-fibration”.
In order to construct a suitable set of Lagrangian 3-cycles, it is better to rewrite the double fibration
above in a more standard form. Following [14], we can rewrite the elliptic fibration in an almost
Weierstrass form as follows. After rescaling the coordinates by xi → y 13xi and taking as coordinate
on the base of the fibration:
z = −UV
y
1
3
− 1
y
1
3
the equation for the elliptic fibration is
x21x2 + x
2
2x1 − zx1x2 + 1 = 0. (3.1)
Introducing the homogeneous coordinates
(X0 : X1 : X2) = (1 : x1 : x2),
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it takes the form
X21X2 +X
2
2X1 − zX1X2X0 +X30 = 0. (3.2)
The holomorphic form now is
Ω3 =
1
(2pii)3
(
dX1
X1
∧ dX2
X2
− dX0
X0
∧ dX2
X2
+
dX0
X0
∧ dX1
X1
)
∧ du
u
. (3.3)
Next, we pass to the new coordinates (X,Y, U) defined by
X0 = X, X1 = Y +
U
2
+
Xz
2
, X2 = −Y + U
2
+
Xz
2
,
and restrict to the chart U 6= 0. Then, the elliptic fibration becomes
Y 2 = X3 +
(z
2
)2
X2 +
z
2
X +
1
4
. (3.4)
In particular the critical values of the elliptic fibration are
z0 = 3, z1 = 3ω, z2 = 3ω
2, (3.5)
where ω := −12 − i
√
3
2 , whereas the singular point for the C
∗ fibration is
z∗ = − 1
y
1
3
. (3.6)
3.2. The Lagrangian Cycles. The Lagrangian cycles of the mirror manifold Y can be realized using
the double fibration structure of Y we have just described. This fibration is singular at four points: z∗,
where the C∗-fiber becomes singular, and zi, i = 0, 1, 2, where the elliptic fibration becomes singular.
Given a symplectic form both on the elliptic and C∗-fibration one can define a symplectic connection
and vanishing cycles. We choose cycles on the C∗-fibers over the points zi which vanish at z∗ and on
the elliptic fiber over z∗ which vanish in zi. By fixing a path from z∗ to zi on the base of the double
fibration, C, and taking the fiber product (over this path) of the C∗ cycle vanishing at z∗, and the
cycle ci of the elliptic fiber vanishing at zi, we get a 3-cycle diffeomorphic to a 3-sphere S
3 (Figure
2).
In order to compute the periods we need to be more explicit. The zeros of to the cubic polynomial in
(3.4) are
Xj(z) = ω
j
[
− 1
27
(z
2
)6
+
1
6
(z
2
)3 − 1
8
+
1
8
√
1−
(z
3
)3] 13
+
+ω2j
z
6
1
3
(
z
2
)3 − 1[
− 127
(
z
2
)6
+ 16
(
z
2
)3 − 18 + 18√1− ( z3)3] 13
− 1
3
(z
2
)2
(3.7)
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Figure 2. A basis of vanishing Lagrangian 3-cycles.
for j = 0, 1, 2. At the critical points we get
~X(z0) =
1
4
 2−1
−1
− 1
3
(z0
2
)211
1
 , (3.8)
~X(z1) =
ω2
4
 −12
−1
− 1
3
(z1
2
)211
1
 , (3.9)
~X(z2) =
ω
4
 −1−1
2
− 1
3
(z2
2
)211
1
 . (3.10)
Moreover, for the computations which we will carry out in the next section it is also useful to consider
the values of Xj(z) for z = 0
Xj(0) = −2− 23ωj , j = 0, 1, 2. (3.11)
At z∗ = −y− 13 the roots are distinct but the vanishing cycle of the C∗ fibration shrinks to a point. On
the other hand, for z = zi we see that Xj(zi) = Xk(zi) if j 6= i 6= k.
To determine the vanishing cycles we follow a procedure similar to the one used in [1] and [2]. Let Σ∗
be the smooth fiber of the elliptic fibration M → C over the reference point z∗. Consider the double
cover Σ∗ → P1, then the vanishing cycles ci are the double covers of paths in P1. The path in P1
corresponding to c0 is represented in Figure 3. One can draw in a similar way the paths corresponding
to c1 and c2.
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All smooth elliptic fibers near Σ∗ are diffeomorphic to Σ∗ and in what follows we will implicitly make
this identification. Then, the vanishing cycles ci(z), as z varies along a path from z∗ to zi, can be
thought as a family of loops in Σ∗ whose projection to P1 is drawn in Figure 3 (for c0). As z varies
between z∗ and zi, the image of the vanishing cycle in P1 is a path where the end points move toward
each other along the path between x2 and x1 and eventually collapse into each other on the negative
real axis.
As mentioned above for z varying between z∗ and zi we also have vanishing cycles on the C∗ fibration.
These all collapse for z = z∗. We will abuse notation and denote all three of them by c∗. The 3-cycles we
will consider are given by ci(z)×c∗(z) for i = 1, 2, 3 and for z varying on a straight line joining z∗ to zi
(Figure 2). When z is not one of the critical points, ci(z)×c∗(z) ∼= T 2i (z) is diffeomorphic to a 2-torus,
therefore, along a straight line joining z∗ to zi, we get a torus fibration where the cycle c∗(z) collapses
at z∗ and ci(zi) collapses at zi. More precisely we can choose Γi := {zi(t) = z∗ + (zi − z∗)t|t ∈ [0, 1]},
and deform ci(zi(t)) homotopically to a circle having radius Rt and c∗(zi(t)) to a circle having radius
R
√
1− t2: ci(zi(t)) = {Rteiφ|φ ∈ [0, 2pi]}, c∗(zi(t)) = {R
√
1− t2eiψ|ψ ∈ [0, 2pi]}. The closed cycle is
thus equivalent to
Ci '
{
(z, w) ∈ C2|z = Rteiφ, w = R√1− t2eiφ, φ ∈ [0, 2pi], ψ ∈ [0, 2pi], t ∈ [0, 1]
}
=
{
(z, w) ∈ C2||z|2 + |w|2 = R2} ' S3. (3.12)
In Figure 4 we give a representation of the elliptic curve Σ∗ with a choice of a canonical basis for H1,
{a, b}.
Figure 3. Behaviour of the solutions Xi(z) when the base point moves from z = z∗
to the critical point z = z0.
Our choice of the cycles ci in Σ∗ is given in Figure 5, and one can see that c0 is homotopic to
−2a− b, c1 is homotopic to b− a and c2 to a+ 2b.
Notice that in Σ∗ the three curves, as elements of H1(Σ∗), are not independent as they satisfy the
relation [c0]− [c1]+ [c2] = 0. However, these are used to construct the thimbles in the elliptic fibration
Di = {(z∗ + (zi − z∗)t)× ci(z∗ + (zi − z∗)t)|t ∈ [0, 1]} , (3.13)
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Figure 4. Elliptic curve in P2 as a double cover of P1. The branch points are at Xi,
i = 0, 1, 2 and at ∞ and the gluing of the leaves is along two cuts, one from X1 to X2
and the other from X0 to ∞. A canonical basis is given by the curve a going from
X0 to X1 in the upper leaf and back from X1 to X0 in the lower leaf, and the curve b
encircling X1 and X2 in the upper leaf.
Figure 5. Starting from the left, in clockwise order, the curves c0, c1 and c2.
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which are independent elements of H3(M). These Lagrangian cycles will be used as generators of the
Fukaya category of the mirror of P2.
For our computations, it is convenient to introduce a more symmetric representation of the paths just
described. Let us deform the cut [X1, X2] so that it becomes the union of two paths from Xi to ∞,
i = 1, 2. Then we can choose a basis (in the above meaning of thimble generators) of vanishing cycles
γj , j = 0, 1, 2, as shown on Figure 6. A direct inspection shows that then γj = (−1)jcj .
Figure 6. Starting from the left, in clockwise order, the curves γ0, γ1 and γ2, which
collapse when z goes to z0, z1 and z2 respectively.
Using the construction above these give us three 3-cycles Li associated to the thimbles Di. The same
cycles can be obtained as a double suspension as described at the end of section 2.
3.3. Computation of the Periods. Let us compute the periods of Ω(Yy) along the Lagrangian
cycles Li.
This means that we have to compute the integrals
Ii =
1
(2pii)3
∫
Li
dx1 ∧ dx2 ∧ du
x1x2u
=
1
(2pii)2
∫
Di
dx1 ∧ dx2
x1x2
, (3.14)
where Di is the thimble generated by the vanishing cycle from z∗ to zi.
The Lagrangian 3-cycles are better described in terms of the coordinates (z,X, u). The restriction of
Ω3 to the cycles is then easily obtained by using (3.4) in (3.3) with U = 1. This gives
Ω3 =
1
2
dz ∧ dX
Y
∧ du
u
. (3.15)
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Therefore, the periods are
Ii = − 1
8pi2
∫ zi
z∗
dz
∫
ci
dX√
(X −X0)(X −X1)(X −X2)
, (3.16)
where the Xi’s are functions of z. Let us choose to order the roots so that Xj = Xk when z = zi,
|ijk| = 1. Thus
Jk :=
∫
ck
dX√
(X −Xi)(X −Xj)(X −Xk)
= 2
∫ Xk
Xi
dX√
(X −Xi)(X −Xj)(X −Xk)
− 2
∫ Xj
Xk
dX√
(X −Xi)(X −Xj)(X −Xk)
=
2pi√
Xj −Xi 2
F1
(
1
2
,
1
2
; 1;
Xk −Xi
Xj −Xi
)
− 2pi√
Xi −Xj 2
F1
(
1
2
,
1
2
; 1;
Xk −Xj
Xi −Xj
)
. (3.17)
where 2F1 is the hypergeometric function.
Next we have to integrate over z. To this end we can deform the path so that it passes through z = 0
so that
Ik = − 1
8pi2
∫ zk
z∗
Jkdz = − 1
8pi2
∫ zk
0
Jkdz +
1
4pi
∫ −y− 13
0
1√
Xj −Xi 2
F1
(
1
2
,
1
2
; 1;
Xk −Xi
Xj −Xi
)
dz
− 1
4pi
∫ −y− 13
0
1√
Xi −Xj 2
F1
(
1
2
,
1
2
; 1;
Xk −Xj
Xi −Xj
)
dz =: Ak +Bk(y). (3.18)
where we have used that z∗ = −y− 13 .
The first integral in the last sum, Ak, does not depend on y. In order to compute Ak it is convenient
to rewrite these integrals in terms of the paths γk defined above. The paths γk are symmetric under
the rotation given by multiplication by ω. This is also true for the integration paths over z. Thus, as
the integrand is invariant under the same rotation and noticing that ck ' (−1)kγk, k = 0, 1, 2, we see
that Ak = (−1)kA0. To compute A0 we only need to observe that the 3-cycle associated to the sum
γ0 + γ1 + γ2 is homologically equivalent to the fundamental torus T0 defined in [15], appendix A-2.
This follows by noticing that the cycle [Σ0 −D0 + D1 −D2] is the generator of H2(C∗2,Z) ' Z, see
[1], section 3.4, and [2], proof of Lemma 4.9. As
1
(2pii)3
∫
T0
dx1dx2du
x1x2u
= 1, (3.19)
we get A0 =
1
3 , and then
(A0, A1, A2) =
(
1
3
,−1
3
,
1
3
)
. (3.20)
Next we compute Bk(y) up to order two in y
− 1
3 . By setting
f(z) :=
1
4pi
1√
Xk −Xi 2
F1
(
1
2
,
1
2
; 1;
Xj −Xi
Xk −Xi
)
, (3.21)
we have:
Bk(y) = −y−
1
3 f(0) (−1)k(ωk+1 − ωk−1) + 1
2
y−
2
3
df
dz
(0) (−1)k(ωk+1 − ωk+2) + o(y−1). (3.22)
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Using (3.11) we get
f(0) =
2
1
3
4piω
√
ω2 − ω 2F1
(
1
2
,
1
2
; 1;−ω
)
, (3.23)
and from
d
dz
Xi(z = 0) =
ω2i
2
1
3 3
, (3.24)
and the results in appendix A we finally have
Bk(y) = ω
k
√
3
8pi3
Γ(1/3)3y−
1
3 + ω2k
√
3
16pi3
Γ(2/3)3y−
2
3 + o(y−1). (3.25)
Thus,
Ik(y) =
1
3
(−1)k + ωk
√
3
8pi3
Γ(1/3)3y−
1
3 + ω2k
√
3
16pi3
Γ(2/3)3y−
2
3 + o(y−1). (3.26)
3.4. The Mirror Map. In order to determine the sheaves which are mirror to the Lagrangian cycles
Li we need to relate the periods Ik(y) to the hypergeometric functions wk(y). To this end notice that
both the Ik and wk are solutions of the same Picard-Fuchs system, so that we only need to compare
them asymptotically for y → ∞. To do this we start by computing the wi(y)’s near y = 0 and from
this we will find their analytic extensions near y =∞. Their expansions near y = 0 are:
w0(y) = 1, (3.27)
w1(y) =
1
2pii
ln(y) +
3
2pii
∑
m=1
(3m− 1)!
(m!)3
(−y)m, (3.28)
w2(y) = − 1
8pi2
(ln(−y))2 + 1
8
− 3
4pi2
ln(−y)
∑
m=1
(3m− 1)!
(m!)3
(−y)m
− 9
4pi2
∑
n=1
(3n− 1)!
(n!)3
[ψ(3n)− ψ(n+ 1)](−y)n. (3.29)
Notice that we can write∑
m=1
(3m− 1)!
(m!)3
(−y)m = 1
2pii
∫ − 1
2
+i∞
− 1
2
−i∞
Γ(−3s)Γ(s)
Γ(1− s)2 y
−sds,
∑
m=1
(3m− 1)!
(m!)3
[ψ(3m)− ψ(m+ 1)](−y)m = 1
2pii
∫ − 1
2
+i∞
− 1
2
−i∞
Γ(−3s)Γ(s)
Γ(1− s)2 [ψ(−3s)− ψ(1− s)]y
−sds,
which are easily verified by closing the path counterclockwise. The analytic extension at y = ∞ is
obtained by closing the path clockwise. A straightforward but tedious computation gives
w1(y) =
3
2pii
[
−y
− 1
3
4pi2
∞∑
n=0
Γ(n+ 1/3)3
(−1)n
(3n+ 1)!
1
yn
+
y−
2
3
4pi2
∞∑
n=0
Γ(n+ 2/3)3
(−1)n
(3n+ 2)!
1
yn
]
(3.30)
w2(y) =
1
3
+
√
3
4pi
[
−(1 + i
√
3)
y−
1
3
4pi2
∞∑
n=0
Γ(n+ 1/3)3
(−1)n
(3n+ 1)!
1
yn
+(−1 + i
√
3)
y−
2
3
4pi2
∞∑
n=0
Γ(n+ 2/3)3
(−1)n
(3n+ 2)!
1
yn
]
(3.31)
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so that up to order two in y−
1
3 we can write
w0(y) = 1
w1(y) = − 38pi3iΓ(1/3)3y−
1
3 + 12
3
8pi3i
Γ(2/3)3y−
2
3 + o(1/y)
w2(y) =
1
3 −
√
3
16pi3
(1 + i
√
3)Γ(1/3)3y−
1
3 − 12
√
3
16pi3
(1− i√3)Γ(2/3)3y− 23 + o(1/y)
(3.32)
By comparing the asymptotic expression of the periods (3.26) and (3.32) we get
(w0, w1, w2) = (I0, I1, I2)
 1 0 0−1 1 −1
1 1 0
 . (3.33)
For later convenience let us introduce the cycles(
LH0 , L
H
1 , L
H
2
)
:=
(−L1,−L0, L2) , (3.34)
where the minus sign means inversion of orientation. From (3.33) we see that if we define
N0 := B2 = [OP2(−2)],
N1 := −B0 + B1 + 2B2 = −[Op] + [OH(−1)] + 2[OP2(−2)],
N2 := B1 + B2 = [OH(−1)] + [OP2(−2)]
(3.35)
the physical mirror map on objects gives:
MirH : (N0, N1, N2) 7→
(
LH0 , L
H
1 , L
H
2
)
. (3.36)
On the other hand, as we will see in the next section, from [1] we know that Hom (Ni, Nj) ∼=
Hom (Li, Lj); then using Seidel’s results (proposition 4.4 and 5.1 in [26]) one can define the func-
tor on morphisms. We can then state our main result in the following proposition
Proposition 1. Let X = Tot(KP2) and Y be its mirror. Denote by D
b
P2
(
Coh(X) the derived category
of the coherent sheaves of the total space of the canonical bundle of P2 supported on the zero section.
Then the functor
MirH : DbP2
(
Coh(X)
)→ Lagvc(Y ), (N0, N1, N2) 7→ (LH0 , LH1 , LH2 ) , (3.37)
defines an equivalence between DbP2
(
Coh(X) and the full subcategory Lagvc(Y ), generated by the cycles
LHi , i = 1, 2, 3, of the derived category associated to the A∞ Fukaya category of vanishing Lagrangian
cycles in the hypersurface Y ⊂ C2 × C∗2.
3.5. Discussion. As mentioned in section 2, the equivalence between these two categories has been
established by P. Seidel in [26], extending to toric del Pezzo surfaces the equivalence of [1] by means
of a double suspension. However, the functor realizing the equivalence is not the same as the one we
have just constructed by using the physical prescription suggested by Hosono. Indeed, the mirror map
in [1], lifted to the total space of the canonical bundle of P2, associates to the cycles Li the sheaves
Ei, where
τ ≡ {E0, E1, E2} :=
{O, T (−1),Λ2T (−2) ' O(1)} . (3.38)
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The direct image of the Ei’s under ι : P2 → X generates DbP2
(
Coh(X)
)
. In K-theory these are related
to the objects in ω =
{
[Op], [OH(−1)], [OP2(−2)]
}
by
ω = τCτω, Cτω =
 1 −3 6−1 2 −3
1 −1 1
 . (3.39)
The transformation matrix in (3.39) is not the same as the one in (3.33), therefore the equivalence
defined in [1] does not provide the physical mirror map realizing the physical correspondence defined
by the central charge, see [15].
Let us take a closer look at the objects Ni. By abuse of notation we use the same symbol both for a
sheaf F on P2 and its direct image ι∗F on X. Up to now the Ni have been elements in K-theory. We
will show that they can be associated to exceptional sheaves on P2 and relate them to the ones used
in [1].
Since
[Op] = [OP2 ]− 2 [OP2(−1)] + [OP2(−2)]
[OH(−1)] = [OP2(−1)]− [OP2(−2)]
(3.40)
we can write the K-classes of the Ni as
N0 = [OP2(−2)],
N1 = −[OP2 ] + 3[OP2(−1)],
N2 = [OP2(−1)].
(3.41)
By tensoring the Euler sequence for P2 by O(−1) we get that at the level of K-theory N1 = T (−3).
Thus we can assume
N0 = OP2(−2),
N1 = T (−3),
N2 = OP2(−1)
(3.42)
as objects in Db(Coh(P2)) (or DbP2
(
Coh(X)
)
after taking the direct image of both sides).
Since this is a strong exceptional collection for P2, its direct image inDb(Coh(X)) generatesDbP2(Coh(X)).
This exceptional sequence is related to the one used in [1] by an autoequivalence which is tensoring
by O(−2). One can compute the morphisms between the sheaves by standard methods. If we write
P2 = P(V ), for V ∼= C3 , then:
HomiP2 (N0, N1)
∼= HomiP2 (OP2(−2), T (−3)) ∼= ∧2V ∗ for i = 0,
HomiP2 (N0, N2)
∼= HomiP2 (OP2(−2),OP2(−1)) ∼= V ∗ for i = 0,
HomiP2 (N1, N2)
∼= HomiP2 (T (−3),OP2(−1)) ∼= V for i = 0,
(3.43)
and all the other homomorphism groups are zero. For the direct image inX we see that Hom0X (ι∗N0, ι∗N1) =
∧2V ∗ = Hom3X (ι∗N1, ι∗N0)∗ and zero otherwise. Similarly for the other morphisms. These are all
three dimensional agreeing with the fact that |LHi ∩ LHj | = 3 for i 6= j.
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4. Conclusions
We have considered the mirror map relating the derived category of coherent sheaves on X = KP2
(with cohomology supported on the zero section) and the Fukaya category of Lagrangian vanishing
3-cycles on its mirror Y .
For the projective plane the mirror map has been studied by Aroux, Katzarkov and Orlov in [1]
and Seidel [25]. In that case the mirror equivalence was realized by associating to an exceptional
collection of sheaves on P2, an exceptional collection of thimbles on the mirror, corresponding to
suitable vanishing S1-cycles on a smooth elliptic fiber of the mirror manifold. The extension of the
mirror map to the total space of the canonical bundle KS of a toric del Pezzo surface was studied by
Seidel in [26]. An exceptional collection of sheaves on P2 is extended to a collection of spherical objects
on X = KP2 , generating the category D
b
P2
(
Coh(X)
)
. On the mirror of X, Y , the thimbles considered
in [1] are promoted to Lagrangian 3-cycles by a double suspension of the underlying S1-cycles. The
functor obtained in this way realizes an equivalence between DbP2
(
Coh(X)
)
and a full subcategory of
Lag0vc(Y ).
In the present paper we have shown that the map constructed this way does not coincide with the
one expected following the physical prescription, in fact the periods of the chosen Lagrangian 3-cycles
of Y do not reproduce the correct central charges of the corresponding B-branes in X represented by
the mirror coherent sheaves. The physical map can be obtained by composing the one in [26] with
an autoequivalence of categories. We have determined the autoequivalence, and thus the physical
mirror map, by performing an explicit computation of the periods of the Lagrangian 3-cycles and
comparing them with the central charges. As a byproduct we have obtained a check, for X = KP2 , of
the conjecture stated in [15] for noncompact threefolds.
By construction, our physical mirror map is compatible with the mirror map identifying the Ka¨hler
and the complex moduli spaces used for the physical computation of Gromov-Witten invariants. This
fact could be useful in order to gain a better and complete understanding of the various aspects of
mirror symmetry. For example, our map could help the analysis of the relation between monodromy,
GW invariants and wall crossing. Moreover, it will be interesting to extend our analysis to the total
space of the canonical bundle of del Pezzo surfaces and, in particular, to the (resolution of) non toric
orbifold C3/∆27 [7].
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Appendix A. Evaluation of the hypergeometric functions
Here we will compute the quantities
F (−ω) := 2F1
(
1
2
,
1
2
; 1;−ω
)
, (A.1)
F ′(−ω) := 2F ′1
(
1
2
,
1
2
; 1;−ω
)
, (A.2)
where the prime means derivation w.r.t. the argument. The starting point is a result due to Ramanujan
([4], Chapter 11, Entry 32(v)):
(1 + x2)
1
4F
(
1
2
(1 + ix)
)
=
1 + i
2
F
(
1
2
(
1 +
x√
1 + x2
))
+
1− i
2
F
(
1
2
(
1− x√
1 + x2
))
. (A.3)
We can specialize this formula to x =
√
3:
F (−ω) = 1 + i
2
√
2
F
(
1
2
(
1 +
√
3
2
))
+
1− i
2
√
2
F
(
1
2
(
1−
√
3
2
))
. (A.4)
Now use
1
2
(
1±
√
3
2
)
=
(√
6±√2
4
)2
=: k±, (A.5)
and
F (k2) =
2
pi
K(k), (A.6)
where K is the complete elliptic integral of the first kind, to get
F (−ω) = 1 + i
pi
√
2
K(k+) +
1− i
pi
√
2
K(k−). (A.7)
Finally, we note that k± are two of the so called singular values for the elliptic integrals, so that K(k±)
are explicitly calculable [8]:
K(k+) =
1
pi
2−
7
3 3
3
4Γ(1/3)3, K(k−) =
1
pi
2−
7
3 3
1
4Γ(1/3)3. (A.8)
Then,
F (−ω) = 1 + i
pi2
√
2
2−
7
3 3
3
4Γ(1/3)3 +
1− i
pi2
√
2
2−
7
3 3
1
4Γ(1/3)3. (A.9)
Now we proceed in computing the first derivative. Define
y2± := x± := 1±
x√
1 + x2
, (A.10)
end differentiate (A.3) w.r.t. x:
x
2(1 + x2)
3
4
F ((1 + ix)/2) +
i
2
(1 + x2)
1
4F ′((1 + ix)/2) =
1 + i
2
dx+
dx
F ′(x+) +
1− i
2
dx−
dx
F ′(x−)
=
1 + i
4y+
dx+
dx
d
dy+
F (y2+) +
1− i
4y−
dx−
dx
d
dy−
F (y2−)
=
1 + i
2piy+
dx+
dx
K ′(y+) +
1− i
4y−
dx−
dx
K ′(y−)
=
1 + i
2pi
dx+
dx
(
E(y+)
x+(1− x+) −
K(y+)
x+
)
+
1− i
2pi
dx−
dx
(
E(y−)
x−(1− x−) −
K(y−)
x−
)
, (A.11)
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where E is the second elliptic integral related to the first one by
K ′(k) =
E(k)
k(1− k2) −
K(k)
k
. (A.12)
Using the previous results, k± = y±(
√
3), and
E(k+) = 2
1
3 3−
1
4pi2Γ(1/3)−3 + 2−
10
3 3
1
4pi−1(
√
3− 1)Γ(1/3)3, (A.13)
E(k−) = 2
1
3 3−
3
4pi2Γ(1/3)−3 + 2−
10
3 3−
1
4pi−1(
√
3 + 1)Γ(1/3)3, (A.14)
we get
F ′(−ω) = 1
2pi2
Γ(1/3)33−
1
4 2−
7
3 (i
1
2 −
√
3i−
1
2 ) +
1
pi2
Γ(2/3)33
3
4 2−
8
3 (i
1
2 +
√
3i−
1
2 ). (A.15)
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